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CL|| Abstract 

'^'h ' An infra-nilmanifold is a manifold which is constructed as a quotient space r\G of a simply 

^^ , connected nilpotent Lie group G, where F is a discrete group acting properly discontinuously 

^N| ' and cocompactly on G via so called afRne maps. The manifold T\G is said to be modeled 

on the Lie group G. This class of manifolds is conjectured to be the only class of closed 
manifolds allowing an Anosov diffeomorphism. However, it is far from obvious which of these 
infra-nilmanifolds actually do admit an Anosov diffeomorphism. In this paper we completely 
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^^ , solve this question for infra-nilmanifolds modeled on a free c-step nilpotent Lie group. 

■3 ..... 

^ ! 1 Anosov difFeomorphisms on infra-nilmanifolds 

There has been quite some activity in the study of Anosov difFeomorphisms on closed manifolds 
in the last ten to fifteen years ([IJ|Il[3lllIl[i[71ll[ni[Tl[Il[Il[ini[Il]). Vaguely said, an 
^ I Anosov diffeomorphism of a manifold M is a diffeomorphism f : M —> M such that the tangent 

Q^ i bundle of M allows a ^/-invariant continuous splitting TM — E'^ Q) E'^ with df contracting on E^ 

OQ \ and expanding on E"^ . Up till now, the only examples of closed manifolds admitting an Anosov 

•^ I diffeomorphism are manifolds which are homeomorphic to an infra-nilmanifold. In fact, it has 

been conjectured that this is the only class of closed manifolds admitting such difFeomorphisms. 
xj , We refer to the papers cited above for more information. 

r^ . Let us briefly recall what an infra-nilmanifold is and how an Anosov diffeomorphism can be 

constructed on such a manifold. Let G be a connected and simply connected nilpotent Lie group 
and Aut(G) the group of continuous automorphisms of G. The affine group AfF(G) is defined as 
the semi-direct product G >^ Aut(G) and acts on G in the following way: 
^^ 

H ■ Va = (.9, 5) £ Aff(G), Vh £ G : "/i = gS{h). 

Cd ■ 

Let G C Aut(G) be a compact subgroup of automorphisms. A subgroup T C G >^ G is called 
an almost Bieberbachgroup if T is a discrete, torsion-free subgroup such that the quotient r\G is 
compact. The quotient space r\G is a closed manifold and is called an infra-nilmanifold modeled 
on the Lie group G. Let p : T — > Aut(G) denote the natural projection on the second component, 
then it is well known that H — p{T) is a finite group, which is called the holonomy group of T. 
The subgroup A^ = Fn G is a uniform lattice in G and F fits in the following exact sequence: 

1 ^N ^F ^H ^1. (1) 

In the case where G is abelian, i.e. G = R" for some n, the manifolds constructed in this way are 
exactly the compact flat Riemannian manifolds. 
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Let a £ AfF(G) be an afRne transformation such that aVa ^ = F. Then a mduces a diffeo- 
morphism a on the infra-nilmanifold V\G, which is defined by 

a : T\G -> T\G : Tg ^ T{"g). 

A difFeomorphism Uke this is caUed an afBne infra-nilmanifold automorphism. The map a is an 
Anosov diffeomorphism if and only if the hnear part of a is hyperboHc, i.e. it only has eigenvalues of 
absolute value different from 1. It is conjectured that every Anosov diffeomorphism is topologically 
conjugate to an affine infra-nilmanifold automorphism (see also [3]). 

In [T7], H. L. Porteous gives an easy criterion to decide whether or not a flat manifold allows 
an Anosov diffeomorphism. To formulate this criterion, we have to introduce the holonomy repre- 
sentation. For a flat manifold, the short exact sequence ([T]) is of the form l^Z"^-F^-_ff^l 
and hence conjugation in F induces a representation </? : 7J — >■ Aut(Z") = GL„(Z). It is this repre- 
sentation which is called the holonomy representation. The criterion of Porteous states that a flat 
manifold M supports an Anosov diffeomorphisms if and only if every Q-irreducible component of 
ip which occurs with multiplicity 1, splits over R. (We can also view ip as a, rational representation 
(fi : H ^> GL„(Q) and a real representation ip : H —>■ GL„(M).) As it was already pointed out in [5], 
a natural class to consider for possibly generalizing this statement is the class of infra-nilmanifolds 
modeled on a free c-step nilpotent Lie group, i.e. Lie groups where the corresponding Lie algebra 
is free c-step nilpotent. The flat case is then the case where c = 1. 

For infra-nilmanifolds which are not flat (so which arc not modeled on an abelian Lie group), 
the short exact sequence (HI does not give rise to a natural holonomy representation ip : H —^ 
Aut(A^). Therefore, a rational holonomy representation was introduced in 5 . To obtain this 
rational holonomy representation, one embeds the group N into its rational Mal'cev completion 
TVq (or radicable hull). This leads to the following commutative diagram: 




where the bottom exact sequence splits. By fixing a splitting morphism s : _ff — > Fq, we define 
the rational holonomy representation (^ : iJ — > Aut(A'Q) by 

^{f){n) ^ s{f)ns{f)-\ 

The rational holonomy representation does depend on the choice of s, but this dependence is not 
relevant in the study of Anosov diffeomorphisms. In fact, it turns out that the rational holonomy 
representation contains all information about the existence of Anosov diffeomorphisms, see e.g. 
Theorem A]. The representation tp also induces a representation 

(p:H^ Aut(iVQ/[7VQ, TVq]) = GL„(Q) (for some n), 

which will be refered to as the abelianized rational holonomy representation. Our main theorem, 
which generalizes the criterion of Porteous and completely finishes the work started in [S] , states 
that we can decide whether or not an infra-nilmanifold modeled on a free c-step nilpotent Lie group 
has an Anosov diffeomorphism by only looking at the abelianized rational holonomy representation 

p: 

Theorem 1.1. Let M be an infra-nilmanifold modeled on a free c-step nilpotent Lie group, 
with holonomy group H and associated abelianized rational holonomy representation Tp : H ^ 
Aut I ,jy ^ 1 ) . Then the following are equivalent: 

M admits an Anosov diffeomorphism. 

t 

Every Q-irreducible component of p that occurs with multiplicity m, 

splits in more than -^ components when seen as a representation over E. 



For abelian holonomy groups H, this was already shown in [7J Theorem 2.3]. From [7], we know 
that the existence of an Anosov diffconiorphisms is equivalent with the existence of a c-hyperbolic, 
integer-like matrix which commutes with every element in the image of ^. Recall that a matrix 
C £ GL„((!2) is called integer-like if its characteristic polynomial has coefficients in Z and its 
determinant has absolute value equal to 1. A matrix is called c-hyperbolic if there does not exists 
a natural number k < c such that the product of any k (not necessarily different) eigenvalues of the 
matrix has absolute value equal to 1. By decomposing the representation 7p into its Q- irreducible 
components, it was shown in [T that the following theorem implies our main theorem: 

Theorem 1.2. Let p : G ^ GL„{Q) he a Q-irreducible representation. Then there exists a c- 
hyperbolic, integer-like matrix C G GLmn (Q) which commutes with rap = p® p ® ■ ■ ■ ® p if and 

^ V ' 

m times 

only if p splits in strictly more than — components when seen as a representation overM.. 

In the second section we show the first direction of our main theorem by just looking at 
the dimension of the real components of a Q-irreducible representation. The other direction is 
harder and we will need some preliminary results about number theory and splitting fields of 
representations. The work for this direction is done in the third section. In the last section we 
shortly explain how the results of this paper can be generalized to some more classes of infra- 
nilmanifolds. Throughout this paper, we will use results from representation theory of finite 
groups. We will give explicit references at several places. When needed, the reader can consult 
[To] (mainly chapters 9 and 10) and fTE[ for more information. 

2 A condition on the number of components 

All fields we will consider in this paper are assumed to be subfields of the field C of complex 
numbers. Let G be a finite group and Irr(G) the set of C-irreducible characters of G. Let F 
be a field and x ^ character (not necessarily irreducible), then we say that x is afforded by a 
F-representation if there exists a representation p : G ^ GL„(F) such that the character of p 
equals x- For each x G Irr(G), we can define the complex number 

'^2(x) = TFm yi x(5^)- 
'^' aeG 

It is well known (see e.g. [ini page 58] or [18, Prop. 39, page 109]) that i^2(x) can only have values 
1, and —1 with the following possibilities: 

• '^2{x) = if and only if x is not real (i.e. 3g £ G such that xig) ^ ^)- 

• ^2 ix) = 1 if and only if x is afforded by a real representation. 

• i^2(x) = — 1 if and only if x is real but not afforded by a real representation. 

If X is an irreducible character, we write Q(x) for the smallest subfield of C that contains xig) 
for all g G G. The field K = Q(x) is Galois over Q and for every a G Gal(i^, Q), we can define 
the map 

^-:G^K:g^ a{x{g)), 

which we call a Galois conjugate of x- Every Galois conjugate of x is also an irreducible character 
of G (see [TUl Lemma 9.16]). It is easy to show that the invariant 1^2 is the same for all of these 
Galois conjugates: 

Lemma 2.1. Let x G Irr(G) and a E Gal(Q(x),Q), then we have that V2{x) = '^2(x'^)- 



Proof. By using the formula for 1^2, we have 

' ' see II geG 

II gee 

= Cr(l^2(x)) = '^2(X) 

since 1^2 (x) ^ ^- CH 

This easy lemma has the following important corollary about the dimension of irreducible 
components: 

Corollary 2.2. All R-irreducible components of a Q-irreducible representation have the same 
dimension. 

Proof. Let x be the character of an irreducible component of the Q-irreducible representation p. 

If 1^2 (x) = 1, then all irreducible components of p are afforded by a real representation, since 
they are all of the form x" for some a e Gal(Q(x),Q) (llQl Lemma 9.21 (c)]). Thus the R- 
irreducible components of p are equal to the C- irreducible components and they all have the same 
dimension x{gg)- 

If 1^2 (x) 7^ I7 then none of the irreducible components is afforded by a real representation and 
thus every R-irreducible component has the same dimension xi^c) + xC^g) = 2x(eG'). □ 

The next proposition follows naturally from the corollary: 

Proposition 2.3. Let p : G ^ GLkr{Q) be a Q-irreducible representation with r the dimension 
of every M.- irreducible component of p. If C d GLkrm (Q) commutes with mp = p® p® . . .® p and 
|det(C)| — 1, then C cannot be km-hyperbolic. 

Proof. By using the real Jordan canonical form of C (see e.g. Theorem 3.4.5.]), we find an 
invertible matrix A G GLferm(R) such that 



ACA- 



fCi ... 0\ 
C2 ... 



\0 ... CiJ 



where Ci and Cj have distinct eigenvalues for i ^ j and such that Ci either has one real eigenvalue 
or two complex conjugate eigenvalues. Let Xi be one (of the at most two) eigenvalue(s) of Ci. So 
all Xi are distinct by construction. By conjugating with the same matrix A, the representation 
mp also splits over M, since the generalized eigenspaces of G are obviously invariant under the 
representation mp. This implies that each Ci has dimension kir for some hi G Nq, because all real 
components of mp have the same dimension r. So for the determinant of C, we have 



|det(C)|=[]|det(C,)| = ni^^ 



kiV 



i=l 



niA. 



ki 



and therefore Wi^i \Xi\^^ = 1. This means that C is not km hyperbolic, since X)i=i ^i ~ ^"^ by 
looking at the size of C. D 

This theorem implies the first direction of the main theorem. Indeed, if there exists a c- 
hyperbolic, integer-like matrix that commutes with mp, then the k of Proposition 12.31 must be 
strictly larger than — . Note that this k is the number of R-irreducible components of p and thus 
gives us the first direction of Theorem 11.21 



3 Construction of an Anosov difFeomorphism 

The proof of the other direction needs some more work and uses different results of number theory 
and representation theory for finite groups. The first step is investigating how a Q-irreducible 
representation sphts over certain fields, especially over minimal splitting fields. Next, we consider 
the existence of c-hyperbolic units in number fields, which correspond to c-hyperbolic matrices. By 
combining these results, we can construct a c-hyperbolic, integer-like matrix C which commutes 
with the given representation. 

3.1 Decomposition over a minimal splitting field 

If p is a Q-irreducible representation of an abelian group, then its image is always cyclic. A 
consequence is that in this case every Q-irreducible representation has a basis of eigenvectors which 
are Galois conjugates. In this section we answer the question how a general representation splits 
over a minimal splitting field. For the formulation of this result we will make use of permutation 
matrices. 

Let K = Q(6') 13 Q be an extension of degree n and {ui, . . . ,<7„} the set of monomorphisms 
K -^ €.. We say that ai is real if ai{K) C R, otherwise we call cr, complex. If ai is complex 
then 57 is a different monomorphism K ^ C, so the complex monomorphisms come in pairs. We 
conclude that n = s + 2t with s the number of real monomorphisms and 2i the number of complex 
monomorphisms. Let us remark that every monomorphism ai is completely determined by the 
image of 9, namely 9i — (Ji{9). If t = 0, so if every <Ti has a real image, then we call the field K 
totally real. When s = we will say that the field is totally imaginary. 

Let p be a Q-irreducible representation. From (TUl Theorem 9.21] we know that each C- 
irreducible component of p occurs with the same multiplicity m. If x G Irr(G') is the character of 
one of those components, then the set of characters of all C-irreducible components of p is given by 
the Galois conjugates of x- So if we have {cti, . . . , an} = Gal(Q(x), Q), we can write the character 
Xp of p as 

Xp = mx"' ® . . . (B mx'''^ 
The fixed multiplicity m is called the Schur Index of x over Q and is written as »TiQ(x) (see [TOl 
pages I60-I6I]). The number rnQ(x) is also the smallest integer to such that to-x is afforded 
by a Q(x)-representation. Moreover, it is also given by the minimal degree of a field extension 
Q(x) ^ P such that x is afforded by an i^-representation ( [101 Theorem 10.17]). Such a field 
F is called a minimal splitting field for the character x- Note that the number of C-irreducible 
components of p is equal to m ■ n = [F : Q(x)] • [Q(x) : Q] = [^ : Q]- 

Let TT e ^n be a permutation, then there exists a permutation matrix Kj^ G GL„(Z), which is 
defined by 

1 j ^ 7r(i) 



^^"'''^ ~ \0 otherwise 

Note that the relation K-j^-^^K-^^ = K^^^^^-^ holds for all 7ri,7r2 G Sm so in particular we have that 
K^^ = Kt^-1. Let M be a matrix in GLn{C), then K^^M is the matrix M where the rows are 
permuted according to tt, so the i-th row of K.^M is the 7r(i)-th row of AI. If we write 

M = 

\mn/ 
as a column of row vectors, then another way of saying this is that 

/m^(i)\ 

K^M = 



In the same way, MK.^ is the matrix M where the columns are permuted according to tt ^ . This 
last property can easily be checked by observing that the transpose {Kt^Y' = K^-i and then 
writing MK^ = {K^-iM'^Y . The matrix K^®tk& GLfc„(Z) will be denoted as if®'=. It has 
the same interpretation as i^jr, but by using blocks of k rows or columns instead. 

Let Q C _E be a field extension of finite degree such that E is Galois over Q. Take a subfield 
F — Q{9) C E, which is not necessarily Galois over Q, and denote by ci, . . . ,(T„ the n distinct 
monomorphisms F ^- C Because 9i = ai{9) G E, we have that <Ji{F) C E for all i. It follows 
that for any a e Gal(-E, Q) and any i G {1, 2, . . . , n}, we have that crocri:F— )-i?CCis again a 
monomorphism of F in C. Hence a induces a permutation on {cti, (T2, • ■ • , CTn}. Associated to this 
is a permutation tTo- e S'„ which is determined by 



ao CTi = a'7r„(i)- 

We let K„ e GL„(Z) denote the corresponding permutation matrix. 

We already mentioned above that for every Q-irreducible representation p of an abelian group, 
one can always find a basis of eigenvectors which are Galois-conjugates, see 0. This means that 
if _E is a minimal splitting field of p with Gal(£', Q) = {cri, . . . , cr„}, there exists a vector vq G -E" 
such that with respect to the basis {vi = (Ti(wo), W2 = o'2(wo), ■ ■ ■ ,v„ = cr„(i'o)}, the representation 
is diagonal. 

The main part of this subsection is to generalize this statement to arbitrary groups: 

Theorem 3.1. Let x G Irr(G) he the character of an irreducible component of a (J-irreducible 
representation p. Let (J Q F be a field extension of minimal degree such that x is afforded by a F- 
representation, say po and assume that k is the dimension of this representation. If[F:Q]~n and 
CTi , . . . , cr„ are the n distinct monomorphisms -F — )• C and if E is any field extension Q_ ^ F (Z E 
such that E is Galois over Q, then there exist a P £ GLfc„(_E) such that the following conditions 
hold: 



(1) P-^pP = 



/o-i(Po) 




V 

(2) For all a G Gal(F, 





0^2 (Po) 



o{P) 



\ 





PK®\ . 



Proof. Let po : G —^ GLk{F) be an irreducible representation with character x- Take the repre- 
sentations p* — ai{po) : G ^ GLk{cri{F)) with character x'^'' ■ We construct a new representation 



p : G ^ GUn{E) : g ^ 








Pi 



yo 





pV 



which was already used in the formulation of the theorem. 

Since F is a finite field extension of Q, we know that F — 
Look at the matrix 



Q = 



^2(1) a2{9) 



a'2 



') 



for some algebraic number Q. 



Ifc, 



Va„(l) a„(0) ... a„(r-i)y 

then it follows by construction that cr(ff) — K®^Q. Note that Q is the Kronecker product of a 
Vandermonde matrix with the identity and thus its determinant can easily be computed and is 



different from 0. So Q is invertible and denote the inverse of Q by P. By applying a G Gal(-E, ( 
to the relation QP = tkn, we find that 



a{P) ^ <j{Q)-' ^ Q-\Kf' 



PK" 



and thus the matrix P satisfies condition 2 of the theorem. 



First we show that PpgQ G GL„fe(Q) for all g £ G. Equivalently, we have to show that 
a{PpgQ) = PpgQ for aU a G Gal{E,Q). We compute that 

a{PpgQ) = a{P)a{pg)a{Q) = PKf^a{pg)Kf^Q. 

It is easy to see that (7{pg) — Kf'pgK®^-^ and thus the conclusion follows. So it suffices to show 
that the representations PpQ and p are equivalent over Q. 

Note that PpQ and p have a common irreducible factor when seen as representation over C 
(namely pq, corresponding to the character x)- Also, it follows from the discussion above about 
the characters of Q-irreducible representations that both have the same dimension, namely kn. 
As a consequence of [ini Corollary 9.7], we have that PpQ has a Q-irreducible component which 
is equivalent with p over Q. Because they have the same dimension, this ends the proof of the 
theorem. D 

It's easy to see that this theorem is in fact a generalization of the statement for abelian groups. 
The advantage of working with a matrix P that satisfies the conditions of the theorem is that we 
can easily construct matrices that have coefficients in Q: 

Proposition 3.2. Let F D Q be afield extension of degree n and cti, . . . , cr„ the distinct monomor- 
phisms from F to C Let Co be any matrix with coefficients in F and look at the matrix 



C = 







V 









CT2(Co) 





\ 



a„(Co) / 



Let E be any field extension of F which is Galois over Q and P an invertible matrix with entries 
in E which satisfies 

a{P) = PK®'^, 

for all a G Gal(i?,Q), where we use notations as above. Then it holds that PCP^^ is a matrix 
with coefficients in Q. 

The proof of this proposition is immediate. Note that the matrix C of the previous proposition 
doesn't depend on the choice of Galois extension E. Also the construction of the matrix P in the 
proof of Thcorcm l3.1l didn't depend on the field E. It was only used to embed the monomorphisms 
Ui in a nice group structure. In the rest of this article we will ignore the use of the Galois extension 
E. 



3.2 Existence of real minimal splitting fields 

For a Q-irreducible representation p of a finite cyclic group, there is always a canonical choice 
of a minimal field extension -F I) Q such that the representation is completely reducible over F , 
i.e. is diagonalizable over F. If / G Q[^] is the characteristic polynomial of a generator of the 
image of p, then the field F is equal to the splitting field of / over Q. For non-abelian groups, 
we explained above that such a minimal splitting field F also exists, but it is far from unique in 
general. In this subsection we show how to construct a real minimal splitting field in the case 
where p is completely reducible over R. 



An example of the non-uniqueness of the minimal splitting field can be given by the unique 
two-dimensional irreducible representation of the quaternion group Qg- Take complex numbers 
a, /3 G C with a^ + /3'^ = — 1 and look at the representation p given by 



-1 








-1 





-iV 


1 


oj 


a 


p\ 


P 


~a) 



p(-l) 
p{j) 

It's an easy exercise to check that this indeed defines a representation of Qg. This shows that 
every field of the form (!2(V— 1 — ct^) with a G Q is a minimal splitting field for this representation. 
These fields do have in common that they are not real. In fact it's an exercise to show that every 
minimal splitting field for this character is totally imaginary. 

In general it's not true that if a character x is afforded by an i?-representation for a field 
E ^ Q, that there is also a subfield F C E such that F has minimal degree and x is afforded by a 
f -representation. Therefore we cannot directly conclude that every real representation has a real 
minimal splitting field. If mQ(x) = 1, or said differently, if Q{x) is a splitting field for p, then this 
must of course be true. By the Brauer-Speiser Theorem, see for example jlOl page 171], we know 
that mQ(x) < 2 and thus the only situation left to check is the one with inq{x) = 2- 

The following lemma characterizes the existence of a real minimal splitting field: 

Lemma 3.3. Let x be an irreducible real valued character ofG with mqlx) = 2. Let K ~ Q(x) ^ 
R and p : G ^f Gh2n{K) a representation with character 2%. Then the following statements are 
equivalent: 

(1) There exists a minimal splitting field i^ C R. 

(2) There exists a G-isomorphism f : K^" — >■ K^" with f^ = Kl^2n, k > and ^/k ^ K. 

Proof. First we show that (1) implies (2). Let F be such a minimal splitting field, so F = K{^/d) 
with d ^ K^, d > and there exists an i^-representation po which affords the character x- Denote 
by a the nontrivial element of Gal(i^, K). By using the same techniques as in the proof of Theorem 
13.11 we can show that there exists a matrix P such that 

with cr{P) = PKf"^ . Now consider the matrix 

^ /Vdl„ 

^ a{Vd)tn 

then it follows, just like in Proposition [XH that PCP^^ has coefficients in K and commutes with 
the representation p. It's easy to check that the linear map / induced by this matrix satisfies all 
the wanted properties. 

Next we prove that the existence of / gives us a minimal splitting field. Take F — K{y/K) and 
a as before. Consider the representation p as an i^-representation by extending the scalars, in the 
same way the map / is also an G-isomorphism over F. Since /^ = Kl^2n, we know that / can 
only have two different eigenvalues, namely ^/k and —\fn.. Each of those eigenvalues occurs, since 
if V is an eigenvector for -^/k, then a(v) is an eigenvector for cr(Y^) = — y^ and vice versa. Now 
the splitting of F^" into the eigenspaces of / gives us a decomposition of F^" into two G-invariant 
subspaces and thus F is a splitting field. Because F C R, this ends our proof. D 

We use this lemma to prove the existence of a real minimal splitting field: 



Theorem 3.4. Let x G Irr(G') he an irreducible character which is afforded by a real representa- 
tion. Then there exists a real minimal splitting field for x- 

Proof. We use some ideas of the proof of 18, Theorem 31], but in our case, we work over a finite 
field extension of Q instead of over C Let K — Q(x)j then we know that K is a. real field extension 
of Q. As mentioned above, we only have to check the case where toq(x) = 2 because of the Brauer- 
Speiser Theorem. So there exists a field F Z) K such that x is afforded by a F-representation p 
and [F : K] — 2. If F C R, there is nothing to prove, so we can assume that F = K{9) with 
9 = Vd, d e K mid d < 0. 

Recall that p also induces a representation on the dual vector space V*, namely p* : G —> 
GLiV*) with 

Since the values of x li^ in ^^ the character of p* is equal to x- So the representations p and p* 
are equivalent and there exists a G-isomorphism f :V ^f V* . Now look at the map 

B:V y.V ^ F ■.{v,w)v-^ f{v){w). 

It is easy to see that i? is a nondegenerate bilinear form on V . Since / is a G-isomorphism, B is 
clearly G-invariant, i.e. B{pg{v), Pg{w)) — B{v, w) for all g & G, v,w G V. This construction gives 
us an isomorphism between the space of G-morphisms from V to V* and the space of G-invariant 
bilinear forms on V. Since V and V* are irreducible, the space of G-morphisms between them has 
dimension 1 . Hence, this G-invariant isomorphism / is unique up to scalar multiplication. 

We can also consider the spaces Vc = C(E)f V and (Vc)* — {V*)c = C(E)f V* and the induced 
representations pc '■ G —>■ GL(Vc) and p}. : G -^ GL(V^). Then / extends to a G-isomorphism 
fc'-Vc^yc ^iid the bilinear form B extends to Be : ^ x Vfc — >■ C : (w, w) H^ fc{v){w). Since x 
is afforded by a R-representation, there exists also a nondegenerate symmetric bilinear form over 
C which is invariant under G by jlS) Theorem 31]. Because of the uniqueness of nondegenerate 
G-invariant bilinear forms up to scalar multiplication, it now follows that Be, and hence also B, 
must be symmetric. 

Now choose a G-invariant, positive definite, hermitian scalar product 

( , ) -.V xV ^ F. 

For every v gV, there exists a unique 'tp{v) G V such that B{w, v) = {w, ip{v)) for all w £V. An 
easy computation then shows that ip is bijective and antilinear, i.e. ^{\v) = X^p{v) for all X € F. 
Also, tp is G-invariant because both B and ( , ) are G-invariant. So -0^ is a G-automorphism of 
V and thus ip'^ = ply for some p G F. By looking at F as a vector space over K, the map i/j 
becomes linear (since K CW). Therefore, it is sufficient to show that p G K, p > and ^/p ^ K 
because of Lemma 13.31 

For any v,w € V we have that 



{v,ip{w)) = B{v,w) = B{w,v) = {w,ipiv)) — {^p{v),w). 
Using this identity, we find for all v,w Cz V that 



p{v, w) = (w, pw) = {v, ip (w)) = {ip{v),^p{w)) = {ip (-y), w) = p{v, w) 

and thus p G M.n F — K. From the same computation with v = w, we also have that p{v, v) — 
{'tp{v),'ip{v)) and ^ > because ( , ) is positive definite. It's easy to check that y/p ^ K because 
X cannot be afforded by a ii'-representation. This ends the proof. D 

3.3 Existence of c-hyperbolic units in number fields 

In the previous parts we discussed the minimal splitting field for a representation. It is now 
important to know if we can find units in these field which arc sufficiently hyperbolic. 



Let K — Q{9) be any number field of degree n with monomorphisms ctj : _R' — > C for i G 
{1, . . . ,n}. Then we denote by Ok C K the subring of algebraic integers and Uk the group 
of units in Ok- Note that the elements of Uk are exactly those fj, G K which have a minimal 
polynomial over Q with integer coefficients and unit constant term. We are interested in so-called 
c- hyperbolic elements of Uk'- 

Definition 3.5. An algebraic unit /i € Uk is called c-hyperbolic if 

Vfc e {l,...,c}, Vii,i2,..., Jfc e {l,...,n} : Icr^i (^) . . . cr^ J^)| ^ 1. 

The notion of a c-hyperbolic unit is the translation of c-hyperbolic integer-like matrices to 
number fields. By definition an element of K is c-hyperbolic if and only if the companion matrix 
of its minimal polynomial over Q is c-hyperbolic and integer- like. For any x S Uk, we have that 
the product of all ai{x) is up to sign equal to the constant term of the minimal polynomial of 
X over Q and therefore Uk cannot have n-hyperbolic elements. In the case where K is totally 
imaginary one can conclude in the same way that there are no units which are ^-hyperbolic. 

The structure of the group Uk is well known because of Dirichlet's Units Theorem. We will 
use the techniques of this theorem to investigate the existence of c-hyperbolic units in different 
number fields. Just as before, we distinguish between two possible cases, depending on wether or 
not our number field is totally imaginary. 

Proposition 3.6. Let K be a number field of degree n which is not totally imaginary. Then there 
exists a c-hyperbolic ^ G Uk for all c < n — 1. 

The proof is analogous to that in [6 in the case of a totally real Galois extensions over Q. 

Proof. It is of course sufficient to prove this for c = ri — 1. Write n = s + 2t as before with s ^ 
by the conditions of the theorem. Assume that the first s monomorphisms ci , . . . , CTc, are the real 
ones. Look at the map 

1:Uk -^ R'^* ■- 

fl ^ (log|cri(^)|,...,log|cr^(/i)|,log|CT^+l(^)|,...,log|crs+t(Ai)|), 

which is also used in the proof of Dirichlet's Units Theorem (see [H]). Now 1{Uk) is a lattice of 
dimension s + t — 1 in ]R^+* , which spans the vector space 

s t 

V^{{xu---,Xs+t)eR'+'\J2^^+ Yl 2a:j=0}. 

i=l j=s+l 

We claim that there exists an element x G 1{Uk) for which 



k 



Vfc G {1, ... , c}, Vii, . . . , ifc G {1, . . . , s -1- t} : } ^Xj^ ^ 0. 
Any element /i G Uk with /(/i) = a; is then obviously a c-hyperbolic element. 

k 

It's easy to see that each of the equations > Xi- — {) is linearly independent of the equation 

i=i 
determining V . For this to be true, we indeed use the assumption that c < n — 1 = s + 2t — 1 

k 

and s > 0. So the set of solutions of > x^^ = in U determines a subspace of V of dimension 

i=i 
s -\- 1 — 2. It is not so difficult to see that a cocompact lattice of a vector space can never be 

contained in a finite union of proper subspaces. So this means that we can always find an x as 

described above. D 
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Proposition 3.7. Let K be a number field of degree n which is totally imaginary. Then there 
exists a c-hyperbolic /i G Uk for all c < f — 1 • 

The proof is completely the same as in the previous case and thus is left for the reader. As 
was stated above, the bounds given in the propositions are optimal. 

Remark. From the vroof of Provosition \3.6\ it follows that in a not totally imaginary number field 
K of degree n, we can always find a c-hyperbolic algebraic unit fj, (for any c < n) such that \fi\ > 1, 
but all other conjugates have absolute value strictly smaller than 1. So we can assume that ^ is a 
so called Pisot number. 



3.4 Existence of Galois extensions 

In the previous part we investigated the existence of c-hyperbolic units in number fields. In the 
proof of the main theorem, it will be necessary to take fields extensions to ensure the existence 
of such units for the given c. The following theorem shows us that we can always find a Galois 
extension for any given degree: 

Theorem 3.8. Let Q ^ F be a finite degree field extension and m (^ No a natural number. Then 
there exists a Galois extension F (- E such that [E : F\ = m. Lf F is real, then we can find such 
an E which is not totally imaginary. 

Proof. Let n be the degree of the field extension Q Q F. From [HI Theorem 2.3] we know that 
there exists a totally real field extension Q C K ioi every given degree such that K is Galois over 
Q and Gal{K, Q) is abelian. In fact, the theorem doesn't say anything about the Galois group, 
but it follows from the proof that we can always assume this. 

Let K be such a field extension with [K : Q] = mn. Look at the field E = KF, the smallest 
field that contains both K and F. Since if is a splitting field over Q for a polynomial / G Q[^], 
E is also a splitting field for the same polynomial / over the field F. Thus _E is a Galois extension 
of Fandm | [E : F]. 

We now claim that Ga\{E, F) is abelian. Look at the homomorphism 



TT : Gal(^, F) -^ Gal{K, 



a 1-^ a\K, 



then it is easy to see that tt is injective. Since Ga.\{K, Q) is abelian, therefore also Ga\{E, F) must 
be abelian. 

Since Gal(£',F) is a finite abelian group and m | | Gal(_E, F)|, we can always find a (normal) 
subgroup H < Gal{E, F) of index m. By the fundamental theorem of Galois theory, there exists a 
subfield Eq of E, Galois over F, such that [Eq : F] = m and thus the field E satisfies the conditions 
of the theorem. If F is real, then since K is also real, we have that E and so also Eq is realized 
as a subfield of M. D 

If F cannot be embedded in R, then of course any field extension cannot be imbedded in M. 
So the condition in this theorem is necessary. 



3.5 Proving the last part of the main theorem 

For constructing matrices that commute with a representation, the following trivial observation is 
useful: 

Lemma 3.9. Let M, Ci, . . . , Cm be kx k matrices over any field F and assume that Ci commutes 
with M for all i. Then the km x km matrices 



A = 



/O 

Ik 

Ik 

\0 



Ci\ 

Cs 

Cs 

Ifc Cm/ 



, B = 



(M 
M 



\0 







MJ 
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commute. 



We are now ready to prove the main result of this paper. 

Proof of Theorem ] 1.21 At the end of section [51 we aheady showed how to prove the first direction 
of this theorem. 

Now let p be a Q-irreducible representation that splits in more than — components over R. We 
construct a c-hyperbolic, integer-like matrix C G GL(Q) which commutes with mp = p © ... © p. 
Let X be the character of an irreducible component of p. Take a field extension Q C _F of minimal 
degree n such that x is afforded by a F-representation po : G — >■ GLk{F). Note that n is also the 
number of components of p over C We first look for a c-hyperbolic unit p in some field extension 
of F. Let E he Si field extension like in Theorem 13.81 of degree m. 

First assume that x is not afforded by a real representation, so F, and hence also E, is totally 
imaginary. Since n is also the number of components of p over C, we find that n > 2— and thus 
[£; : Q] > 2c (^ [E -.Q] > 2c + 2). It follows from Proposition [3J] that there exits a c-hyperbohc 
unit II in E. 

In the other case, x is afforded by a real representation. Because of Theorem 13. 4[ we can 
assume that F is real and we can take E to be not totally imaginary. This time we have that 
mn > c and thus there exists a c-hyperbolic unit fi in E as well. So in both cases we find a Galois 
extension i? of i^ of degree m and a c-hyperbolic unit in E. 

Let CTi , . . . , (T„ be the n distinct monomorphisms of i^ — )• C and take a matrix P as in Theorem 
13. IL with corresponding representation p = P^^pP just as in the proof. Look at the matrix 



R=lrn®P 



( P 







p 



\ 



V ••• P j 



then it holds that 



R{mp)R-^ = 



( PpP-^ 

PpP~^ 

V 



\ 




Ppp-^ j 



= mp. 



Let 



fo{x) = n (^ - '^(^)) = E ^^■^' ^ ^[^]- 

o-eGal(£;,F) j=0 

m 

Take the polynomials fi = (Ji{f) = 2, o-ijX-' and form the matrices 



/ 



C, 



aij 
a2j 



V 







O-aj I 



Ifc 



(oi{h) 
a2{h,) 



\ 







\ 




(Tn{bj)J 



ife- 



It's easy to see that every matrix Cj commutes with the representation p and that PCjP ^ € 
GLfc„(Q) because of Proposition 13.21 Now construct the matrix 



C 



/ 

tkn 

tkn 

V 



^kn 



-Co \ 

-Ci 

-C2 
-Cm-lJ 
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then it is obvious that C commutes with mp because of Lemma l3.9l A direct com.putation shows 

that 

/ ... -PCoP-^ \ 



RCR- 



pp-i 





pp-i 



V 

/ 

tkn 

Ikn 







pp- 



-PCiP-^ 

-PCn-lP-'J 



Vo 







-PCaP-^ \ 
-PCiP-^ 
-FCaP^i 



1* 



and thus RCR ^ E GLknmiQ)- Note that the characteristic polynomial f{X) of C equals 
(Jl"^-^ fi{X)) . It's easy to check that the polynomial / has coefficients in Q and all of its roots 
are conjugates of fi. This means that / is some power of the minimal polynomial of /i. Therefore 
C is c-hyperbolic and integer-like because of our choice of /x. Since C satisfies all conditions of the 
theorem, this completes the other direction of the main theorem. D 

4 Generalization to other classes of infra— nilmanifolds 

Up till now, we discussed infra-nilmanifolds modeled on a free c~step nilpotent Lie group, but in 
fact the results of this paper do generalize quite immediately to other classes of infra-nilmanifolds. 

For example we can consider the Lie algebra Qc.d,r which is the free c-step nilpotent and d-step 
solvable Lie algebra on r generators (over R) and let Gc,d.r be the corresponding simply connected 
Lie group. Theorem B. of [5] (which was slightly reformulated in [71 Theorem 2.1]) can now also 
be stated for manifolds modeled on Gc,d.r'- 

Theorem 4.1. Let M he an infra-nilmanifold modeled on Gc^d,r, with holonomy group H and 
associated abelianized rational holonomy representation Tp : H ^ GLr{Q)- Then the following are 
equivalent: 

M admits an Anosov dijfeomorphism. 

t 
There exists an integer-like c-hyperbolic matrix C G GLr(Q) that commutes with every element of 

Tp{H). 

To prove this theorem one can follow almost word by word the original proof in [5] . 

Having obtained this theorem, we now also get the following generalization of our main result 
for free: 

Theorem 4.2. Let M be an infra-nilmanifold modeled on Gc,d.r, with holonomy group H and 
associated abelianized rational holonomy representation Tp : H ^ GLr('Q)). Then the following are 
equivalent: 

M admits an Anosov diffeomorphism. 

t 
Every Q-irreducible component of Lp that occurs with multiplicity m, 

splits in more than — components when seen as a representation over K. 
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